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> Extremal Driving:
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“Fitness” A for various Problems:
«Spin Glasses (eg. MAX-CUT):

«Partitioning (eg. MIN-CUT):
A; = - (#-cut edges of x))



http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
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“Fitness” A for various Problems:
«Spin Glasses (eg. MAX-CUT):

Rl

i
@Partitioning (eg. MIN-CUT): £

- (#-cut edges of x )

«Coloring (eg. Potts Anti-ferro):

| A; = - (#-monochrome edges of x ) ‘
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EMORY Extremal Optimization: Dynamics and Results

“Fitness” A for various Problems:
«Spin Glasses (eg. MAX-CUT):

Rl

i
@Partitioning (eg. MIN-CUT): £

- (#-cut edges of x )

«Coloring (eg. Potts Anti-ferro):

| A; = - (#-monochrome edges of x ) ‘

Cost «x H = -Zi A;
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(1) Provide mitial Configuration S=(x ,...,x ),

(2) Determine “Fitness” A, for each Variable x ,
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>> “Extremal Optimization” (EQ): <<

(1) Provide mitial Configuration S=(x ,...,x ),

(2) Determine “Fitness” A, for each Variable x ,
(3) Rank all ;=] |(k) according to

Ao <A <..<A

[ —""1l2) — °°

[1(n)
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>> “Extremal Optimization” (EQ): <<
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(1) Provide mitial Configuration S=(x ,...,x ),
(2) Determine “Fitness” A, for each Variable x ,
(3) Rank all ;=] |(k) according to

Ao <A <..<A

[ —""1l2) — °°

[1(n)

(4) Select x , w=[](]), 1.e. x has worst Fitness!
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>> “Extremal Optimization” (EQ): <<
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(1) Provide mitial Configuration S=(x ,...,x ),
(2) Determine “Fitness” A, for each Variable x ,
(3) Rank all ;=] |(k) according to

Ao <A <..<A

[ —""1l2) — °°

[1(n)

(4) Select x , w=[](]), 1.e. x has worst Fitness!

(5) Update x unconditionally,
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Extremal Optimization: Dynamics and Results Physics of

Algorithms
>> “Extremal Optimization” (EQ): <<

8-10-09

(1) Provide mitial Configuration S=(x ,...,x ),
(2) Determine “Fitness” A, for each Variable x ,
(3) Rank all ;=] |(k) according to

Ao <A <..<A

[ —""1l2) — °°

[1(n)

(4) Select x , w=[](]), 1.e. x has worst Fitness!

(5) Update x unconditionally,
(6) For/ times, Repeat at (2),
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Extremal Optimization: Dynamics and Results

>> “Extremal Optimization” (EQ): <<

(1) Provide mitial Configuration S=(x ,...,x ),
(2) Determine “Fitness” A, for each Variable x ,
(3) Rank all ;=] |(k) according to

Ao <A <..<A

[ —""1l2) — °°

[1(n)

(4) Select x , w=[](]), 1.e. x has worst Fitness!
(5) Update x unconditionally,
(6) For/ times, Repeat at (2),

7) Return: Best C'(S) found along the way!
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Typical Extremal Optimization Run:
EO-run for Partitioning (n=2500):

Stefan
Boettcher

www.physics.emory.edu/faculty/boettcher,
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Typical Extremal Optimization Run: B
EO-run for Partitioning (n=500):

h—
T ™m

“n At

Range of
Cost-

Fluctuations

1n At

10° 10°
Updates

Stefan
Boettcher
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Typical Extremal Optimization Run:
EO-run for Partitioning (n=500):

random .

start Tm
_ At

Range of
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Fluctuations
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Updates
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Typical Extremal Optimization Run:
EO-run for Partitioning (n=500):
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Typical Extremal Optimization Run:
EO-run for Partitioning (n=500):
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7-EO - Searching at the “Ergodic Edge”:

Stefan
Boettcher

www.physics.emory.edu/faculty/boettcher,
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Extremal Optimization: Dynamics and Results Physics of

Algorithms
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Animation of T-EQO for Graph-Partitionin

Coloring Log
tau: 1.2 degree: 6.0 vertices: 1000

Welcome to the EO Alet! (by M. Grigni)
Demo for Extremal Optimization Heuristic (see LNCS1917,447'00)
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EMORY Extremal Optimization: Dynamics and Results Physics of
Algorithms

D.Vllamics 01 T-KEO: (for +J-Spin Glass on 3-reg. Graph, N=256) e

First-return time distribution R(At):

—1=0.2
—1=1.5
—1=2.5
—1=4.5

o 1/1-2
At

| IllllllI 1 llllllll | Illlllll 1 Illlllll | llllllll

10" 10° 10’ 10"

At
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EMORY Extremal Optimization: Dynamics and Results Physics of
Algorithms
o 8-31-09

Dynamics of T-EQO:

Derivation of First-return time distribution R(At):
Have: Total number of updates T
Then, number of updates at rank k is:

n(k) =T P(k)
Typical lifetime of variable with rank k is:

At(k) ~ % _

With R(At)d(At) = P(k)dk:

R(At) = P(k)

P'(k)
With P(k)~k :
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Jamming Model for —-EO

Let: Only 3 states s for each x;,

Ai=-—s, s€{0,1,2},
density of variables z; in state s:

palt) = I{ilxs = =},

Cost function:
2

e(t) = Y sps(t),

s=0

Annealed Flow Equation:

pr(t+ 1) = pr(t) + Z§=o Tr,sQs,

where

o Qs({p(¥)}) = Prob. to update variable in
state s,

o 7. ;({p(t)}) = Flow of variables to state r,
if variable in state s is updated.
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% 7-EO Eq. for Jammed Flow: gorithms

Flow Equation for a Jam

i 1

Qo+,
Qo-Q1+(0 - p1)Q2),
1

_5Q0+%Q1—(9 - p1)Q2] ,

1
n
1
n
1
n

po + p1 + po.

1

1 — n’r—l I
1

1 — n'r—l
1

1 — n’T—l

Q1

Qo =
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Optimal Choice for Jammed t-EO:

—on=1(
—an=100
—n=1000
+—an=10000
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Optimal Choice for Jammed t-EO:

—on=1(
—an=100
—n=1000
+—an=10000

’._‘A..'\“

T—1~1/In(n)

9 : 99

0.0I 1 1 1 . 1 1 1 1 . 1 1 1 1 : 1 1 1 1 . 1 1 1 1 . 1 1 3 .0 3.5
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Results for t-EO:

» For Graph Bi-Partitioning:

Random Graph Bi-Partitioning

1 oN=1000-EO
" 1oN=1000-Treecut
- e N=2000-EO
| [« N=2000-Treecut

<Cuts>/N
o

" A R SR
0%5=T% 16 18 2z 22

Degree o=pN

www.physics.emory.edu/faculty/boettcher,


http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/

Extremal Optimization: Dynamics and Results Physics of
Algorithms

Results for 7-EO:
» For Graph Bi-Partitioning:

Random Graph Bi-Partitioning

7

9
-
o)
<
<P}
S
& 10
N
=
=
7
D)
)
=
S
s
7
=
S

i/
=

002 0
Stefan
Boettcher

www.physics.emory.edu/faculty/boettcher,



http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/

Extremal Optimization: Dynamics and Results Physics of
Algorithms

Results for 7-EO:
» For Graph Bi-Partitioning:

Random Graph Bi-Partitioning
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e +J-Glasses on Lattices of size L and density p.
e Defect-Energy o(AE) with Reduction & Heuristic (1-EO).
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% Defect-Energy of diluted Lattices:

e +J-Glasses on Lattices of size L and density p.
e Defect-Energy o(AE) with Reduction & Heuristic (1-EO).

d—3 p=1.00
p=0.70
p=0.50
p=0.45
p=0.40
p=0.35
p=0.32
p=0.30
p=0.29

p=0.285

www.physics.emory.edu/faculty/boettcher,


http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/

EMORY Extremal Optimization: Dynamics and Results Physics of
Algorithms

Stiffness Exponent y for Lattice Glasses: 5
“Stiffness”; G(AE)N L
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% Stiffness Exponent y for Lattice Glasses:
“Stiffness”; G(AE)N L
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% Stiffness Exponent y for Lattice Glasses:
“Stiffness”: G(AE)N L
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% Stiffness Exponent y for Lattice Glasses:
“Stiffness”: G(AE)N L
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% Stiffness Exponent y for Lattice Glasses:
“Stiffness”: G(AE)N L
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eFrom Theory: (Franz,Parisi& Virasoro, J. Phys. 1 4,1657,'94)
Effective Mean Field calculation near 7 . where Replica Symmetry Breaking (RSB)

disappears (ie. 7’ . 0) for d =5/2.

*From Numerics:

Know:

T, ~ V2d (d — o0)

Tg%\/Qd—dl (d—>dl)
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Extremal Optimization: Dynamics and Results

Physics of
Algorithms

Other Evidence for d =5/2:

eFrom Theory: (Franz,Parisi& Virasoro, J. Phys. 1 4,1657,'94)
Effective Mean Field calculation near 7 . where Replica Symmetry Breaking (RSB)

disappears (ie. 7’ . 0) for d =5/2.

*From Numerics: Ty ~ /2 (d— 2.491) (1 +1.2/d — 2.4/d°

Know:

T, ~ V2d (d — o0)

Tg%\/Qd—dl (d—>dl)

Data from:
*MC (Ballesteros et al) for d=3,4

*High-T Series (Klein et al) for d=5
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Comparing with Theory:

e EO-data
— cubic fit

I
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| |
e EQO-data
y/d=1-w/d="% | | — cubic fit
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d
<CO>/L : I
|« EO data
— linear fit

0.00228
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Conclusions:
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oeExtremal Optimization:

> Selection against extremely Bad = Greedy!
> No Rejection = Large Fluctuations = No Trapping!

> Single, fixed Parameter (T) = Simple!

>T-EO: Optimizing at the Ergodic Edge.
> Problems: Definition of Fitness and Sorting Ranks.
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Extremal Optimization: Dynamics and Results Physics of

Conclusions:

Algorithms
8-10-09

oeExtremal Optimization:

> Selection against extremely Bad = Greedy!
> No Rejection = Large Fluctuations = No Trapping!

> Single, fixed Parameter (T) = Simple!

>T-EO: Optimizing at the Ergodic Edge.
> Problems: Definition of Fitness and Sorting Ranks.

eResults:

> Works well for Partitioning, Coloring, Spin Glasses,
Satisfiability, Pattern Recognition (at least!).
> Works poorly for TSP, Polymer Folding, 1e. strongly
4 connected problems!
o > Theory: “Jamming” Model, predicting T, — 1+,
always remains super-cooled, not frozen!
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Stefan
Boettcher
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